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In this paper we formulate the problem of optimal control with the reliability of the controll-
ing system taken into account (by reliability we mean the probability of the non-interrupted
performance.

In the first part (Sect. 1-3) we consider the case when the reliability is specified.
Taking into account the influence of the mode of performance of the system on the pro-
bability of failure, we formulate the variational problem for the case of a non-stationary
Poisson type sequence of failures. The formulated problem is then investigated using
L.S. Pontriagin’s method and applied to the case of the delivery of maximum payload during
the motion of a body of variable mass when the thrust of the jet (Sect. 2) and the exhaust
velocity are limited (Sect. 3).

Analytical solutions of particular problems for the case of limited thrust are obtained
in Sect. 2.

In the second part (Sections 4 and 5) we consider the problem of determining the
optimal probability of failure-free performance of a rocket engine. Here, the following
averaged characteritics (mathematical expectations) as maximum payload (Sect. 4) or the
minimal cost of performing a manoeuvre (Sect. 5) are used as criteria of optimality.

The latter formulation refers to the case when such a manoeuvre has to be repeated
a number of times. Both the above criteria are compared in Sect. 5.

1. Formulation of the variational problem. When the optimal control program is realised,
the controlled system can be affected by random factors cansing failures of the system.
The probability of failures can depend on time, phase coordinates, control parameters and
control functions. In such cases, some definite reliability may have to be stipulated in

order to construct the optimal control program. This may, in turn, alter the character of the
optimal control substantially.
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14 V.V. Tokarev

In this former paper [1], the author considers one of the problems of optimal control
in which random destructive processes act on the system. There however, the necessity
of assuming some specified reliability did not manifest itself — instead some character-
istics* which were averaged according to a definite method, were minimised. Moreover,
the probability of failure was assumed to be independent of control functions.

Paper [3] investigates the problem when the duration of the controlling action is
specified. If the dependence of the probability of failure-free performance on its duration
is assumed known, then the specified duration of performance can be treated as the speci-
fied reliability. In this case however, the influence of phase coordinates and control func-
tions which are both time-dependent on the probability of failure, cannot be estimated.

In the present paper the problem is formulated as follows: Consider a dynamic system

whose behavior is described by a system of equations of the type
@it = fi (¢, x5, ux, wy) (G, [=0,1,..,mk=t,..,nl=1..,q9 @1

where x ; are phase coordinates of the system, u; are control functions, w; are the constant

control parameters and a dot ' denotes differentiation with respect to time ¢.

Boundary conditions are given with respect to x ; at the times ¢ = 0 and t = T, and our
aim is to secure the maximum (minimum) value of the control functional of the problem

%o (T'). We shall call this the initial variational problem.

As far as the failures are concerned, the dynamic system (1.1) is considered to be a

single unit — i.e. failure of one element causes the failure of the entire system.

We also assume that when the failure occurs at any instant of time, then the problem is

not fulfilled, and, that after the failure the system remains inoperative.

Our aim is to construct such a control program and to choose such parameter values,
which would not only satisfy all the conditions given above, but would also secure a
specified probability of failure-free performance of the sysiem (i.e. reliability specified

in advance).

We assume that the failures form an ordinary sequence without after-effects [4], and
the word ‘ordinary’ means here that the probability of simultaneous occurrence of two or
more failures, is nil. The absence of after~effects means, that the probability of failure
over a certain interval of time depends only on the length of that interval and is not

influenced by the previous intervals.

It is also assumed that the mean number of failures A per unit time (density of the

sequence)

* In [1] a derivation of formulas for the average moments of failures was not rigorous from
the point of view of the theory of probability, The author is grateful to R.V. Studnev for
pointing out this shortcoming which was removed from [2] without altering the formulas.
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A =A(t zj, ux,w) >0 (1.2)

is known and dependent on time, phase coordinates, controlling functions and control
parameters. Then, the probability R of the absence of failures over the interval [0,7] is

equal (4] to
T

R = exp («- S Ldt) (1.3)

o
where A is calculated along the trajectory A = A (£, z; (2), ux (£), wy).

The relationship (1.3) expresses the condition of specified reliability 0 <R < 1.
This can be brought in line with the equations of the initial variational problem either by
the classical methods where (1.3) becomes an isoperimetric condition

T
{2, we wydt = —In R (1.4)

0

or by utilising the maximum principle, when (1.3} becomes a differential equation with the
following boundary conditions

A=A, 3, upw), AQ0) =0, A(T)=-InR (1.5)

The variable A will appear here as an additional phase coordinate of the system (1,1).
We shall call the value A, = A (7) a conditionally admissible mean value of the failures
over the whole time, If R = ] is assumed, then Al = 0 cannot be fulfilled, but when R <1
and decreases, then the admissible number of failures increases (e.g. the interval
0.5 < R £ 1 corresponds to the interval 0.7 Al £0).

Let us now denote the solution of the initial variational problem by z;* (1), u* ),
and w;* If we also find that
T
A= (A, o, wet, w)dt <—In R (1.6)
0
then the reliability R will obviously be secured and the condition (1.3) will be superfluous.
The same situation arises when TAp,x <{ — In R.

Now, assuming that the condition (1.6) is not fulfilled, let us write the equations of
the problem of optimal control with the reliability specified by {(1.1) + (1.5))
(1.7
z = fi(t, 25, ux, wy), % (0) =0, :i(T)=zn,

T) - i
A=Atz g w), A0)=0, A(T)=—Ing, o()=max(min)

We see that in the above form, (1.7) represents the Mayer's variational problem. We shall

now make two remarks concerning the generalisation of (1.7).
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1% Let the density of the sequence of failures A depend also on the duration of per-
formance of the system ¢, {tp‘ < t, compare {1.2)). Then, by [3], a differential equation

should be incorporated into (1.7). Its boundary conditions would be*

t. =6, t, (0) = 0, , (T) = opt

u (
where §(¢) = 1 or 0 is a relay control function equal to unity when the system is on, and

to zero when the system is off.

This function should, by means of a multiplier, be incorporated into the controls u
in (1.7), which assume zero value when the

system is off.

A A
i 2° Let the control u be allowed to
: A" assume the values from the range
Al ! Afa) [%min ¥max) @nd become zero in the off
- el s  position. Density of the sequence of
0 dmn Urmox a U . .
. b failures is equal here to A () and A (0),
respectively {see Fig. 1a).
FIG. 1

In this case, to represent the right-
hand side of the last equation of (1.7) as an invariant type function, we shall use once

more the relay control § (¢):
A=1(0)+ @ —A(0)]18
substituting at the same time ud for u in the remaining equations.

The above approach can also be used when the density A (0) of the sequence of
failures when the system is in an off position is different from the limit density A (0)*

when u » 0 (see Fig. 15)

Later we shall use this method to solve the problem of delivery of maximum payload

when a body of variable mass moves in the gravity field (see [2]).

Two cases will be considered : that of restricted thrust and that of the limited exhaust

velocity.

2. Reaction jet with restricted power. For the optimal (without considering reliability)
modes of performance of a propulsion system with a limited power, we find that the maximum
utilisation of power over the active intervals emerges as a characteristic feature. More-
over, if the propulsion system is ideally regulated (thrust and exhaust velocity not res-
tricted) then passive intervals are absent from the optimal trajectory (see review [2]).

* Here, contrary to [ 3], the final value of t'u (7) is not given and should be selected so as
to conform to the optimal trajectory.



Reliability in the problems of optimal controls 17

We shall now define the probability (1.3) of successful completion of a manoeuvre.
The density of the sequence of failures (1.2) we shall assume to be dependent on the mode

of performance of the engine

A=A N) (@MON>0 0N <) (2.1)

where N is the power expressed in terms of the maximum power.

1f we limit ourselves to the case of an ideally regulated propulsion system, then the
problem of delivery of the maximum payload will separate, as before, into a static and a
dynamic part; the character of the solution of the static part of the problem will, for

example, be not altered in case of a single-stage device
Gr=(1—VYOP?, G=yYDO—0, G.=V0 (2.2)

where G, G,, and G“ are the weights of the payload, engine and propellant, respectively,
referred to the initial weight of the device. ® is given by

o n g T g
a a
O~ —2—58 st (I= S ) (2.3)
0 0
where a. is the specific mass of the engine, g is the acceleration due to gravity, a is the
acceleration due to the mass expelled, i.e. thrust divided by the mass flux out of the
vehicle. The dynamic part of the problem reduces to the minimisation of the integral J in
(2.3). An argument showing that N (¢) = 1 is optimal since N does not enter the equation
of motion r” = ai + g (ris the radius vector, g= g (r, t) is the gravity vector, 1 is the
unit thrust vector), could be presented if the reliability was not taken into account. We
cannot do this here, since (1.5) is added to the equation of motion, (1.5) determining the
allowed number of failures, and X is defined by (2.1). If N increases, then the expelled
mass decreases (see the integral in (2.3)), if the acceleration to be achieved is kept
constant (a () = const). Density of the sequence of failures (2.1) also increases with N,

hence we can expect the optimal program N (¢) to be different from N (¢) = 1.

Equations (1.7) of the variational problem of constructing the optimal trajectory when
the reliability of the completion of a manoenvre is given, consist of the equation describ-
ing the change of the integral (2.3), equations of motion and of the equations defining the

allowed number of failures with the corresponding boundary conditions

J=a /N, J© =0 J(T)= min

r: =V, r (0) = r,, r(7)=r,
V.Zal +g’ V(O)=v0r V(T)=V1 (24)
A=At N), A(0=0, AT)y=—_InR )

O<at)<oo, OSKN()Y, |i()]| =1)
Optimal laws of change of the acceleration due to reaction a (t), of the power N (t)
and of the direction of the thrus vector 1(¢) should, by the maximum principle, secure



18 V.V. Tokarev

at any time the absolute maximum of the function # (minimum of J (T) is sought)
H=—a /N +a(pi) +r (¢ N)pn — (V) + (pu-8) (2.5)

where the impulses Pr, Py, and P, satisfy the equations
. oH a
Pr=— g = o (Pr8),
. o0H . oH 0
Po ==% =P P mor =

The impulse corresponding to the phase coordinate J is

(2.6)

assumed to be identically equal to minus unity, since we seek the
minimum of J (T') and J does not appear in the right hand sides

of the above equations (0H / aJ =0).

FIG. 2 Maximum of H with respect to i and a is reached when

i=po/po, a='hpN  (Po=1IPo]) (2.7)
and after thatythe part of H which is dependent on N, assumes the form
Hy =1Y,p,°N + A (t, N)pa (2.8)
which can be used as a basis for determining the sign of the impulse p) = const. (see (2.6)).

Let us assume that if p, > 0, then the maximum of H occurs when N =1 (since
by (2.1}, @A / ON > 0). This means that the optimal trajectory will not change on
neglecting the reliability.

Now, when we formulated the general problem (1.7), we assumed that the condition
(1.6) was not fulfilled and that a given reliability R could not be secured on such a

trajectory. Hence

P <0 (2.9)

We shall note two properties of optimal trajectories with reliability, which result

from the condition of maximum of (2.8) in terms of N.
1°. For all functions A (¢, N) from (2.1) which satisfy the conditions
A‘ (tr N) > ;"0 + (}”1 - A’O)JV.) }" (t’ O) = }"0 (t)v ;" (t7 1) = }"1 (t) (2'10)

(see the shaded region on Fig. 2), the control N {¢) is the limiting control and the optimal
trajectories coincide with the values of the functional J (T').

Indeed, if we substitute a linear function A (N) from the inequality (2.10) into (2.8),
then the resulting function Hy

Hymaj = Mpn + [YVapo? 4+ (A — A)prIN
will, by (2.9), be an upper bound for all Hy containing A (¢, N), satisfying (2,10)
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Hy (N < Hy @y V), Hy(0) = Hymay (0),  Hyx (1) = Hy i (1)

Hence,max Hy <{ max Hy maj, Hy aj however is a linear function of ¥, and its

maximum is reached at the boundary points
N=1 a8 p?>—4(h—D)P,, N={0 as p <—4(M— ho) Py (2.11)

At these points functions [fy and Hpy ,4,; coincide, therefore the maximum H N
for all A from (2.10} will occur at the above points. Hence, the optimal control N (¢} is the
limit of (2.11) and the intermediate values of A will be absent from the problem.

At the point N =1 and N = 0, all A{¢, N) from (2.10) assume the same values /\l {t)
and A, (¢). This means that the optimal trajectories and the magnitudes of the functionals
J {T) will be identical.

2% 9A /AN =0 atN =0, then the optimal trajectory does not contain any

passive intervals. In this case the partial derivative of (2.8) with respect to N is
8Hy | BN = Yp, + padh [ ON

and will, at the point N =0, be always positive {except for the isolated moments when
pv» = 0). Hence, the optimal value of N which guarantees the maximum of (2.8) is

always positive, i.e. passive intervals are absent.

Next we shall consider a particular case of (2.1)
A= A(N) = Ay N" (Apax = const, >0 {2.12)

{(see Fig. 3). For all 0 < n <{ 1 (shaded region on Fig. 3), the optimal control N (8} is
defined by (2.11), where Ao = 0, A; = A_ .., and the property 1° holds. For n > 1, we
have the property 2° and the optimal control N {¢) is

Pt \YmD
N=1 as p)'>—4nphy,y, N=( )

— m as plig— 4np;\lmax (2.13)

s s : : !
i.e. intervals appear, over which the performance is N A \\
variable and less than maximum.

The results obtained above do not depend on A
the type of the dynamic manoeuvre (i.e. on &y, V,, : ///
1, v, and g (r, ). In order to complete the solution
ofthe variational problem(2.4) we shall presuppose y j
the simplest manceuvres — one dimensional motions 4 y
in the force-free field (g = 0): translation between / ¥
two points at rest and attaining the given velocity.

FIG. 3

In the absence of gravity, equations {2.6) can be integrated directly
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p, = const, Py = Pyo— Pyl (2.149)

For the problem of translation between two points at rest, we have the following

boundary conditions
r0)=0, 2(0=0  r(M)=1 »(T)=0

The problem is symmetrical with respect to t = %4 T (with the accuracy up to the
instant of reversal of the direction of thrust), consequently we can restrict ourselves to
considering only ‘the first half of the motion (0 <{ ¢ < 1/,T), writing the boundary con-
ditions as follows

r(0) =0, v (0) = 0, r (Y,T) = 1,1, v M,T) =0
and doubling the value obtained for the functional J (T) =2J (% T). Since
v (1/;T)=0, consequently p, ('/;T) = 0, i.e. p,= p,y (1 — 2t/ T).

Substitution of (2.7), (2.11) or (2.13) into (2.4) to obtain the optimal controls with the
function p_ (t), makes it possible to integrate (2.4) by parts. The unknown constsnts

P, 8nd p) are found from the final conditions
r(1;T) =1l A (/,T)= —1,InR

If the reliability is not fixed (A (T) = opt), then Py = 0 and we have the following
solution (see [2]):

N* (1) = 1, AN =601/TH(1 —2t/T), J*(T)y =12 (2/T% (2.19)
With R given, the solution will depend on the parameter

= —1InR/Th 0<% (2.16)

which represents the ratio of allowed number of failures A (7) = — In R to the maximum

possible number of them,which is A, = TA ...

n=2 gt =015

=

o<nel,x=08 n=2.x=0¢

! -7
% / l

7 !
0 |t
a

|
~

0 t, WHrt

a b

FIG. 4
Finally we obtain the solution in the following form
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For 0<n<1, 0<%x<<1 (Fig. 4a, comp. [3])

For 0Kttty
N(@) =1, a(t)y=ay(1—2t/T) 61 th\°1? 1
when ;<1 <1/2T ao—_—_”‘y"l:i—(iwz?):' ,t1=“§-uT
N (‘) = 0, a (t) ==
J (T) =12(E/1% [1 — (1 — =)B]?
For n>1, (n—1)/@Brn—1) <xn<{1 (Fig. 4b) (2.17)
when 0 <I<{Y '
N(t)=1, a(t)y=ag(1—2t/T), 61 2 £, \37?
when & LT Qo= ﬁ[i 3n (1 —2T> ]
1— 2t/ T\¥(—D (1— 2T +/(n—1 3n—1 n—1
N@= (1 T /T) e =a T e+ B = T ("" 3= 1) r

J(T)wiz( )[1ﬁ%wu~ )]-1

For n>1, 0< %< (n—1)/(3n — 1) (Fig. 4¢)

wo=(3=5)" (12 1) s = e B (g gy
J(T) =12 T: é (3::11)(11—1)/7: i/

Fig. 4a to ¢ gives the comparison of changes of power N and acceleration due to thrust.
Dotted lines represent the laws (2,15) which are optimal in absence of failures, while solid
iines represent (2.17).

On Fig. 5, solid represent the relation ///* versus % where [ is taken from (2.17), J*
from (2.15) and % from (2.16), for various values of n shown in (2.12). Increase in reliability
(decrease in %) with other conditions kept unchanged, leads to the increase of the functional

I. Corresponding decrease in the payload can be calculated from (2.2) and (2.3).

The difference between the curves 0 < r < 1 and those for n =0, 2, 3, 4, gives some

idea of the advantage which can be gained by using the intermediate power values.

If at n > 1 the condition of the fixed reliability could be fulfilled only by switching
the engine off, then the functional would have the same value for all A (N) (the curve
0 < n < 1). Program (2.13) makes it possible to lower considerably the value of the
fonctional.

For the cases when a certain velocity has to be reached (velocity increment), the
boundary conditions are

r(0)=0, 20 =0, r(T)=opt, v(T)=

Here the value of 7 (T') is not given, hence p, (T) = 0 and, according to (2.14),
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2 \ ‘\ ‘\ ¥ o<nef,x=06 N n=2 x={6
—\ \ ’/ -1 M m——— -
v\ ! /////
WY )
\ N ‘\oh
SR\ ' | |
\ N\ ‘\4‘ \\ / a
\\\\\X\T:’\ \\ / -_—-‘
AN / | / /
, SN % J' A
0 x ] 0 t, Tt 0 5 T ¢
FIG. 5 ¢ FIG. 6

p, (1) = p,, Hence power N and acceleration g are constant over the active intervals
(see (2.13), (2.11), (2.7)). If reliability is disregarded (p) = 0) , then passive intervals

are absent from the tajectory and the following solution is obtained (see [2]):
Ne@)=1, a*(t)=A0/T, J*(T)=A2*/T (2.18)

1f the value of the index n in (2.12) falls within the range 0 < n <{ 1, then the
passive integrals appear. Their number and distribution do not influence the functional
of the problem, and their total duration is chosen from the condition of a given reliability
A(T) == In R. When n > 1, then by 2° passive intervals are absent and the condition
A(T) = - In R can be fulfilled only by reducing N.

Performing all the calculations we obtain
when 0 < n <1, 0<% <1 (Fig. 6a, comp. [3])

N () =1, a(t)y=Av/t{ for OCIChY
N(t) =0, a(t)y=0 for h<t<T (b =xT)
J(T) = (A ] T) %3 (2.19)
when n>1, 0<% <1 (Fig. 6b)
N () = »V", a(t)=Av/ 1, J(T) = (A2 T) »~ VP

Dependence of the functionals (2.19) and (2.18) on % and n is shown on Fig. 5 by
means of broken lines. We can see that for the case of translation between two points at
rest (solid lines), the requirement of fixed reliability leads to much smaller increase in

the value of the functional, than for the case of velocity increment.

In order to estimate the corresponding loss in the payload, we must use the first
relation from (2.2). Fig. 7 shows an example (O* =(a /2g) J* = 0.1, 0 < n << 1) of
the dependence of the payload on the reliability for various values of the maximum possible

number of failures A = TA = 0.2, 0.5, 1, 2 (here solid lines refer to tramnslation

max
between two points at rest, broken lines to the velocity increment).

Horizontal parts of curves on Fig. 7 correspond to the values of R, for which the

inequality (1.6) also holds.
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3. Limited exhaust velocity. In the problem on the maximum payload for propulsion
system with the limited exhaust velocity (thermal rocket motors) we find it convenient to
use, over the active intervals (without considering reliability), the notion of maximum

exhaust velocity.

b7, 92 Let us assume that the rise in the exhaust velocity

/ﬁ

A
N\ Ny {i.e. rise in temperature) leads to the increase in A (1.2)

(also compare (2.1))

//
7
L
7

\
23
NN \\ A=MA(t, V) (M >0,0<V<Y) @D
N ERNAN
dLar \\ \\ \\ (in this and subsequent arguments exhaust velocity V
o i NIRRT is expressed in terms of maximum exhaust velocity V).
\\ \\ \\ If the reliability is fixed (as in case of restricted power)
0 R : { then some intermediate values of exhaust velocity may

become optimal.
FIG. 7
We shall consider the maximum thrust P and the maximum exhaust velocity as known.
Then the problem on the maximum payload becomes a problem on the maximum final mass,

and equations of the variational problem (1.7) can now be written (comp. (2.4), thus

G = —p(P|V)8, GO)=1, G(T)= max
r=v, r(0)=r,, r(T)=n,
V'i=0ay(P/G)id + g, viO)=vy, v(T)=w (3.2)

A =ho(t)+ [M(E V) —ho ()18, A(0)=0, A(T)=—IR
O<PH<L, OSVEH<L, 8(1)=1 or 0,]i(t)|=1)

Here G is the instantaneous weight (referred to the initial weight G,), u = gP,/ GV,
is the corresponding mass flux out of the vehicle (a known parameter), @, = gP,/ G,
is the initial acceleration due to thrust (a known parameter). Thrust P and exhaust velocity

V are referred to their maximum values P, and V,.

It is assumed that when the engine is off (§ = 0), the density of the sequence of failures
becomes Ao (?) (when Ao =0, then Aq() (Ag (£) << A (t, V). To reflect this fact in (3.2), we
have used the case 2° from Sect. 1.

If it was known that the thrust P did not assume intermediate values 0 << P < 1
on any optimal trajectory (so called special condition) then the function & could be omitted
and replaced in the last equation by P. In our case, however, this is not immediately

obvious.

To analise the structure of the optimal control, we must investigate the absolute
minimum of the function H (compare (2.5)) (we seek the maximum of G (T')) with reference
to i, P, 8, and V.
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H={[=p5+ g @] Prnh @, V= h®l}s + oy

+ Ao () pa+ (Pr-v) + (P g)

Impulses Pr, P», and p) are defined, as before, by (2.6), while the impulse Pu is
given by

Pp = — OH | 0G = (p,-i)a,G ?P8, P () =—1 (3.4)
From the minimum of (3.3) with respect to i it follows (comp. (2.7)}, that
i=—p:/py (3.5)

Using an argument analogous to that in the Sect. 2 (see (2.9)) we can show that

Pe () <O, n>0 (3.6)

If we now assume that at some instant of time Py (t) > 0, then minimum of H implies

V =0 (irrespective of the sign of p)) and P = 8 =1.Now, P =1 when ¥ =0 is physically
inadmissible, hence Py () <0 everywhere. If we now put p) <0, we shall obtain ¥ =1
everywhere and the moment at which the engine is turned off will occur later than in case
of py = 0. At the same time the condition of fixed reliability cannot be fulfilled (since it
is assumed that the inequality (1.6) does not hold).

We shall now show that the thrust cannot assume intermediate values 0 <P <1 on
the optimal trajectory. Since P occurs in (3.3) in the linear form, optimal intermediate
values of P may appear when the coefficient of P becomes equal to zers within some
interval of time (special conditions). In this case however 8 = 0} since p) > 0 (see (3.6))

i.e. the thrust should be equal to zero.

The above is valid for any manoeuvre in an arbitrary gravitational field. Having proved
the absence of special conditions in the structure of the optimal control, we shall exclude
the control function & (¢} from (3.2) to (3.4) : we shall replace all PS by P and substitute P
for any 8 appearing without P,

Then the part of # dependent on the controls V and P will, together with (3.4), become
Hyp =[Hy — puay/ G — A ()palP, Hy = —pp. [V + A (¢, V)ps (3.7)
From the condition of minimum of H, with respect to V, follows
Vel i AGVISAG O+ @p,/p) AV —1) (3.8)

If the condition (3.8) is not fulfilled, then there exists an optimal intermediate value
0 < ¥ <1, which can be found from

VA [ OV = —pup, /pa OV <) (3.9)

Null values of V are absent from the optimal control. When
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AMEV)SA(E L) + W P /P (1Y —1)

the condition (3.8) will,be valid over the whole trajectory, since p, < 0, Py <0
(see (3.4) to (3.6)). In this case the exhaust velocity will never assume any intermediate

values.

Optimal control in terms of thrust can, as we showed before, be only a limiting

control. The sequence of active and passive intervals on the trajectory is determined by

=1 if Hy—palG?—hp, <0, P =0 if Hy—p,aG?—hp, >0 (3.10)

which is obtained from the condition of absolute minimum of the function (3.7) with res-

pect to P.

Let us now consider the case of limited acceleration a (in place of limited thrust),
Here, the problem on the maximum final mass G, reduces to finding the minimum of the
functional

T
J=\o-dt  (OSV<I, Gi=Ge /Yy
V SYSL 1=0g (3.11)
0

(so called characteristic velocity, compare with (2.2) and (2.3)).

The absence of intermediate values 0 <{ a <{ g, in the system of optimal control
can again be proved in the manner similar to that of the previous case. To do this, we can
use the (3.2) form of the equations of the variational problem (1.7), replacing its first and

last equations

J = (ag/V)8, (J(0)=0, J(T)= min), vVi=abi+ g

The optimal control of thrust will be determined from the first relation of {2.7).
Controls V (¢} and § (¢) can be found from the condition of the maximum of the function
(compare (3.7))

Hyg = [Hy+ pao—2 () p18  (Hy=—ay/V+2r(V)py, <0

To find the optimal exhaust velocity we shall use (3.8) and (3.9) in which however
the substitution Kp, = — ag should be made.

Moreover, if g\ / 9t = 0, then the optimal exhaust velocity colinear with the direction
of motion will be constant. Times at which the engine will be on (8 = 1) or off (5 = 0) can

be found from the relations
8 =1 when Hy, + pa,— A @) p, >0, 6=0 when Hy + p,ay— 2 (1) p, <0
analogous to (3.10).

4. Criterion of weight. Existence of the optimal probability of completing a manoeuvre



26 V.V. Tokarev

can be shown by means of the following argument. The increase of reliability can, as shown
in the sections 2 and 3, be achieved at the expense of cutting down the payload (this is
equivalent to the increase in cost). Nevertheless, the above effect is accompanied by the
increase of the percentage of successful attempts of completing a manoeuvre. At the same
time the optimal probability of completing a manoeuvre will always lie within the interval
[0, 1] since, when the reliability is nil, the percentage of successful attemprs is also nil,
while, when the value of the reliability is very much smaller than unity, the payload be-
comes equal to zero.

Let us assume that n manoeuvres successfully complete required (m > n) attempts
which failed due to some adverse external factors. Then, the amount of payload success-

fully delivered to the terminal point of the trajectory per one attempt, will be
n
6™ = 2 G, (4.1
where (G is the payload, the delivery of which was the aim of each attempt.

We shall classify an attempt as unsuccessful if failures occur during approach to the
final orbit or during the execution of a necessary manoeuvre. First of the above cases is
characterised by R, which is the reliability of placing the rocket successfully in the
initial orbit, while the other is characterised by the reliability R of the performance of the
rocket during flight.

We assume that R, and the mean number of failures A of the engine per unit time, the
latter defining the reliability R (see (1.2) (1.3)), are both known.

From the above probabilistic characteristics we can derive the mathematical expecta-
tion (4.1) of the payload delivered successfully per one attempt

¢G> = R,RG. (4.2

(since (m> = n/R,R according to the rule of multiplication of probabilities). The
maximam (4.2) is taken as a criterion of optimality, and the corresponding variational
problem is presented in form of the Mayer problem

(GaY'=—Roe 2 (AGs + q), (Grdt=o = Go(0) =1—Gx, (Gr)=r = max

Gs' = —q, Gs(T) = opt
P =V, r (0) = ry, r(T)=r (43
V =Pi[(Got+ G+ g  v(0)=v,, v(T) = v,
A=At q P,...), A(0) =0, A(T) = opt

Phase coordinates of the problem are ¢ G_ >, G, 1, v, A (G, is the total weight of
the payload G and the propellant G, ; G, is the weight of the engine, all weights are
expressed in terms of the total initial weight). Control functions are P, g and 1 (g is the
mass exhausted, P and g are referred to the initial mass).
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To present the system (4.3) more fully, we must say something more definite about
the formula for the weight of the engine, i.e. we must show the connection between its
weight G, and the limit values of control parameters, on which the thrust and the amount
of masa exhanated depend.

In this case it is convenient to replace P and ¢ assumed te be independent control
functions, by parameters on which some constraints have been placed [2].

Variational problem (4.3) differs from (1.7) in the final condition referring to the phase
coordinate A. In {1.7) a final value of A is given (A (T) = — In R), while in (4.3) it is
chosen from the condition of optimality.

Remarks 1° and 2° made in Sect. 1 about (1.7) are valid for (4.3), and the properties
of optimal controls established in Sections 2 and 3 still hold.

If the solution of the variational problem on maximum payload when reliability (i.e.
the dependence of G on R) is given, is known, then the functional (4.2) becomes simply
R, and the problem (4.3) is reduced to finding the optimal reliability R from the condition
of maximum (4.2).

The procedure of constructing the optimal controls (4.3) will not be given here, aince
it is analogous to that in Sections 2 and 3.

We shall limit ourselves to solving an example on the ideally regnlated propulsion
system of limited power. In Sect. 2 we have obtained corresponding solations of the
problem on maximum payload with fixed reliability

R = ¢ *Mmax (4.9

where A, =TA, ., isthe maximum possible number of failures over the whole time of
flight T (A, is here the maximum density of the sequence of failures).

The parameter A .. is determined by the conditions of the problem while the para-
meter % is chosen so as to satiafy the condition of reliability given by (4.4).

In Sect. 2 we have illustrated in more detail the dependence of the density of the
sequence of failures on controlling functions (see (2.12)) by giving analytical relationships
between J (x) which was the minimal value of the problem (2.4) and the parameter x.

In the present case, as we have already mentioned, the functional (4.2) of the problem
under consideration, will be the function of the parameter x

1
v p . *Amax =
<G> =Ry [1—( % 7 (%) '] (4.5)

where J (x) is determined by (2.17) and (2.19) when 0<% <1 end where J (%) == J (1)
when % > 1 . ((2.17) corresponds here to the translation between two points at rest in the
force-free field, while (2.19) cerresponds to the case of velocity increment in the force-free
field, see also Fig. 5).

Fig. 8 shows an example of the dependence of the mean value of successfully delivered
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payload (4.5) on (4.4). Calculations were made for @* = (o / 2g) J (1) = 0.25,
Ro=1, 0<n1 (see(2.12)) for various values of

Amas =0.2, 0.5, 1, 2.

- -
a2 > Solid lines here refer to the problem of translation
Eqz9 \ \ between two points at rest, broken ones to the problem
Kl BN 2) A\ of velocity increment. Points of contact of the curves with

ingto x == 1 are also shown on the graph. The curves
P\ \ possess distinet maxima which are reached either at
A \ 0<n< 1 when g (G /an =0, orat x =1
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5. Criterion of cost. We have said before that the problem of determining the optimal
probability of a manoeuvre has a meaning only when there exists a necessity of repeating
this manoeuvre many times. In this case the crtierion of cost becomes important in com-

parsison with the weight criterion.

In a manner analogous to (4.1) we shall introduce the mean cost of fulfilling a man-
oeuvre during a series consisting on n successful and m unsuccessful attempts. This is

given by
Com = p! [mC 4 (m — n)C,] (5.1)

where C is the cost of one attempt and C, the loss incurred by one unsuccessful attempt.

Mathematical expectation of the cost of one successfully completed manoceuvre is

equal to

(€Y = (RR) IC + (1 — RR)C,] (5.2)

We assume that the cost of one attempt
C =Cy +Cx +Cp +Co

is sum of the following components: cost of placing the vehicle in the initial orbit

Cy = €@y is taken to be proportional to the initial weight G, = Gx + Guo + Gr).
Cx = cxGx which is the cost of the engine taken to be proportional to the weight of the
engine (7, , cost of the propellant and its containers C}JL = ¢, Gy, which is taken to be
proportional to the initial weight of the propellant G, and the losses C, independent of

weight parameters.

Loss due to one unsuccessful attempt C, = ¢xG; we consider to be equal to the
cost of the payload and proportional to its weight G. Coefficients c,, ¢, ¢y, Cn and Ce

are assumed to be constant and known.

As a criterion of optimality we shall use the minimum of mathematical expectation of
the cost of successful delivery of the payload of unit weight ¢ — C> / G, or if we

take into account the relationship between the cost and weight,
1
= RRC, [€oGo + Ce + cxGx + €.Guo + (1 — RoR) £,G,] (5.3)

Initial weight G, and reliability R, are known, hence we cen replace (5.3) by the

following functional characterising the cost of completing a successful manoeuvre

1456, + Sp.Gp.O

RI—G,— G,y

S = (5.4

Here the weight (7, and Gp0 are in terms of the initial weight G,, while the coefficients
Sy and S, are given by
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Cyp " Can cp."""cn

A ps————————————— pre— y T e —— e —-—1.
%= °o+cu+cel’ao> L S ot e+ Ce/ Gy > (5.5)

The functional (5.4) is connected with (5.3) by:

Ro(1+0) -5 AP
= @Fc,¥C,i6, " ‘TR (\c“+c“+ Go> (5.6)

i.e. the minimum of S is equivalent to the minimum of ¢.

With reliability R and weight G of the engine both known, it is a necessary condition
for the cost S to be minimal, that the weight of the propellant G, is also minimal. This is
obvious from the physical point of view, but for the sake of completeness we shall give the
partial derivative of (5.4) with respect to Gy, , which is

a5 14s, +(s,—3,)G,
%, = R(1—0C,—¢

2
)
The numerator of the above expression is always positive since
1+ s, whens, —s, >0
14 s, 4+ (5x—s,) G > 145, when 5, —s, <0 (06, <)

and 148, >0 1 + s« > 0by(5.5). Therefore 3S / 3Gpo > 0 and minimum
of S is reached when G, is minimum (R and G, are fixed).

It follows then, that the results obtained in the minimal fuel problem can be utilised
in determining the minimum cost S, when the reliability and weight of the engine are fixed.
Optimal values of R andG,will however be different from those found from the condition of
maximum payload (4.2).

The variational problem on the minimum cost § can be stated analogously to (4.3), if
its first two equations with their boundary conditions and the fourth equation are replaced

by
14,6, + sPAG 1’*‘39*‘(3{—39) GK] 14 sxG,‘
1—0,—AG, ! T—¢,—acy |+ SO=71—¢
(5.7
S(T)=min, AG,'=q (AG,(0)=0, AG, (T)=opt)y Vv =P (1—AG) i+ g

S’=el‘~[k

Here (5, (instantaneous reserve of the propellant) is replaced by a new phase coordinate

AGy = Gyy — Gy (t) (mass exhausted up to the time ¢).

Let us consider once more the case of an ideally regulated propulsion system of
limited power. Integration of the equation for the loss of mass due to thrust [2], gives

G

((D o % J (%)> (5.8)
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! where G, is the weight of the engine which, in this case,

.G as. defines the total weight of the propulsion system G..
2,4 b
£ % g If the density of the sequence of failures does not
/ 2 depend on the weight of the engine (see (2.1) (2.12)), then
5 the optimal value of Gv can, as before [2], be found with-
\éi / out solving the dynamic part of the problem on the mini-
Gy——{ mum of the functional /. By putting (5.8) into (5.4), we
Ejiﬂ: P) shall be able to determine the optimal value of G,, using
0 * ) ¢ the conditions 4§/0G, =0
FIG. 11 G,=[E+rE—noh g0 (£= : :[ :“) 59

where s, replaces s,)

Parameter £ gives the cost ratio of the unit weight of propellant to the unit weight of
the engine (see (5.5)). When £ =1 (equal costs), the formula (5.9) reduces to the previously
obtained optimal relationship between the weight of propellant left and the weight of the

engine. This relationship secures the maximum payload [2].

When we consider it in terms of minimum cost we find that it shifts towards the
increase in the reserve of the propellant when £< 1, and towards increased weight of the
engine when £> 1 (see Fig. 11). Differences between the optimal weight ratios can, when
we change from the weight to the cost criterion, be very considerable and will depend on

the relative cost of the propellant and the engine.

We shall now investigate the effect obtained on using weight ratios optimal for one

functional, in calculating the other.

In order to reduce the number of parameters, let us eliminate from the cost functional

S, the part dependent on & and O only

£G4+ G,
P&, (D):T—HGOTG_ (S:%[(i —|—sv)p+1]) (5.10)
i v

The magnitude p characterises, similarly to S, the cost of completing a manoeuvre

without however taking reliability into account.

Figure 12 shows, in solid lines, the relationship p (f, ®) when values, optimal with
respect to cost, of (5.9) and (5.8) are used for G,o and G, Dotted lines refer to the case
when the values

Gpo = V'E, Gv=VE)——(D

optimal for the weight criterium are taken for G, and G,, (see (5.8) and (5.9) for £=1).
Fig. 12 shows also the dependence of the payload
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G, =1 —G,— Gy
on ®, for various values of & It is clear that the loss in the payload on changing from one
set of optimal weight ratios to the other is higher, than the loss in the cost (solid and

dotted lines depicting the cost p coincide for £ = 0.5, 1, 2).

In conclusion we shall show how the optimal probability of completing a manoeuvre
is affected by adopting the cost criterion instead of the weight criterion. We shall again use
the relation J () from Sect. 4. Fig. 13 gives the graph S (R) (cost versus reliability) for
the same parametric values as on Fig. 8 (again, solid lines denote translation between
two points at rest, dotted lines — velocity increment). It is easily seen that the optimal
values of the probability of completing a manoeuvre are somewhat higher than those obtained
when the weight criterium was used (compare the positions of minima on Fig. 13 with the
positions of maxima on Fig. 8). This can be caused by the fact that in minimising the
cost, we take into account an additional loss incurred during an unsuccessful attempt of
completing a manoeuvre, the loss being equal to the cost of the payload.

The author expresses his gratitude to Iu.E. Kuznetsov for fruitful discussions.
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